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The	axion	solution	to	the	strong	CP	problem

• Experimental	fact:	absence	of	CP	violation	in	the	QCD	sector


• Theoretical	puzzle:	QCD	theta	angle	must	be	extremely	small:					 


• Axion	solution:	


- there	is	a	spontaneously	broken	anomalous	 	symmetry


- the	axion	is	the	Nambu-Goldstone	boson	associated	to	this	symmetry


- the	axion	potential	generated	by	QCD	effects	relaxes	 		to		

	


- 			is	dynamically	relaxed	to	exactly		 
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Peccei	and	Quinn,	Wilczek,	Weinberg	(1977)		+		[…]

nEDM	-	PRL	124	(2020)	8,	081803

Vafa,	Witten	(1984)
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• The	 	symmetry	is	a	global	symmetry


• But	global	symmetries	are	explicitly	broken	in	quantum	gravity


• PQ	violating	effects	generated	at	the	Planck	scale	can	spoil	the	axion	solution


U(1)PQ

The	axion	quality	problem

UV	effects	:			local	PQ	violating	operator	with	dimension		ΔPQ

IR	effect

• neutron	EDM	experiment:

<latexit sha1_base64="uCtdAWBNLQnBFqMrNBQPSsguGh8=">AAACE3icbVC7TsNAEDzzDOEVoKTgRIREgSI7ioAKIVFAGSQSkGITrS8bOHFnW3drJGSl5BP4Clqo6BAtH0DBv2CHFBCYajSzq92ZMFHSkut+OBOTU9Mzs6W58vzC4tJyZWW1bePUCGyJWMXmIgSLSkbYIkkKLxKDoEOF5+HNUeGf36KxMo7O6C7BQMNVJPtSAOVSt7LR7wL3FVprpeaee5l59YG/w32jOT/GdrdSdWvuEPwv8UakykZodiuffi8WqcaIhAJrO56bUJCBISkUDsp+ajEBcQNX2MlpBBptkA2DDPhWaoFinqDhUvGhiD83MtDW3ukwn9RA13bcK8T/vE5K/f0gk1GSEkaiOERS4fCQFUbmDSHvSYNEUHyOXEZcgAEiNJKDELmY5pWV8z688fR/Sbte83ZrjdNG9fBg1EyJrbNNts08tscO2QlrshYT7J49sif27Dw4L86r8/Y9OuGMdtbYLzjvX9aRnGw=</latexit>

fa . 1012 GeVhigh	quality	for
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Kamionkowski	and	March-Russell,	Barr	and	Seckel	(1992)			+	[…]



• Axions	in	string	theory	with	exponentially	small	corrections


- axions	and	axion-like	particles	arise	naturally	in	string	theory


- 	


- It	is	still	unclear	what	are	the	necessary	conditions	to	ensure	small	UV	effects


• Quantum	field	theories	with	fundamental	scalar	fields,	extra-dimensions,	etc.


- discrete	gauge	symmetries,	extra-dimensions,	new	gauge	interactions,	…


• Quantum	field	theories	with	fundamental	fermions	and	gauge	dynamics	in	4D


δV(a) ∼ Λ4
UV e−SUV cos (a /fa + δ)

4

Some	proposed	solutions

Witten	(1984)

Demirtas	et	al.	(2021),	Heidenreich	et	al.	(2021)Kallosh	et	al.	(1995),	Svrcek	and	Witten,	Conlon	(2006)

we	focus	on	this	class	of	models	

Barr	and	Seckel,	Chun	and	Lukas	(1992)		+	[…]
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Models	of	composite	axions

• SU(N) × GW × GSM

<latexit sha1_base64="3cdcoFifYie0ebnu8PXhSfp3sBo=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIFCiyUQQRVSQKKINEHlJsovNlE045P3S3RoqslHwFLVR0iJYPoeBfsI0LCEw1mtnVzo4XSaHRsj6M0tLyyupaeb2ysbm1XTV3drs6jBWHDg9lqPoe0yBFAB0UKKEfKWC+J6HnTS8yv3cPSoswuMFZBK7PJoEYC84wlYZm1bZum9Q5po7y6SV0h2bNqls56F9iF6RGCrSH5qczCnnsQ4BcMq0HthWhmzCFgkuYV5xYQ8T4lE1gkNKA+aDdJA8+p4exZhjSCBQVkuYi/NxImK/1zPfSSZ/hnV70MvE/bxDjuOkmIohihIBnh1BIyA9prkTaCNCRUIDIsuRARUA5UwwRlKCM81SM04oqaR/24vd/Sfekbp/WG9eNWuu8aKZM9skBOSI2OSMtckXapEM4ickjeSLPxoPxYrwab9+jJaPY2SO/YLx/Ac0IleM=</latexit>

108 GeV

<latexit sha1_base64="X7st88rL8ev7xyReiznPEJ/zgl0=">AAAB/XicbVBNS8NAFNzUr1q/qh69LBbBU0mkqHgqeNCLUKFpC2kpm+1rXbrZhN0XoYTir/CqJ2/i1d/iwf9iEnPQ6pyGmfd488aPpDBo2x9WaWl5ZXWtvF7Z2Nza3qnu7nVMGGsOLg9lqHs+MyCFAhcFSuhFGljgS+j608vM796DNiJUbZxFMAjYRImx4AxTyevrgN4Mkyu3PR9Wa3bdzkH/EqcgNVKgNax+9kchjwNQyCUzxnPsCAcJ0yi4hHmlHxuIGJ+yCXgpVSwAM0jyyHN6FBuGIY1AUyFpLsLPjYQFxswCP50MGN6ZRS8T//O8GMfng0SoKEZQPDuEQkJ+yHAt0i6AjoQGRJYlByoU5UwzRNCCMs5TMU7LqaR9OIvf/yWdk7pzWm/cNmrNi6KZMjkgh+SYOOSMNMk1aRGXcBKSR/JEnq0H68V6td6+R0tWsbNPfsF6/wJy65Vd</latexit>

MGUT

<latexit sha1_base64="hmezSsSaXCrdm5ooJ6Waqg9NejQ=">AAAB/HicbVC7SgNBFJ2NrxhfUUubwSBYhV0JKlYBGxshgnlgsoTZyU0cMjO7zNwVwhK/wlYrO7H1Xyz8F3fjFpp4qsM593LPPUEkhUXX/XQKS8srq2vF9dLG5tb2Tnl3r2XD2HBo8lCGphMwC1JoaKJACZ3IAFOBhHYwvsz89gMYK0J9i5MIfMVGWgwFZ5hKdz2j6HU/achpv1xxq+4MdJF4OamQHI1++as3CHmsQCOXzNqu50boJ8yg4BKmpV5sIWJ8zEbQTalmCqyfzBJP6VFsGYY0AkOFpDMRfm8kTFk7UUE6qRje23kvE//zujEOz/1E6ChG0Dw7hELC7JDlRqRVAB0IA4gsSw5UaMqZYYhgBGWcp2KcdlNK+/Dmv18krZOqd1qt3dQq9Yu8mSI5IIfkmHjkjNTJFWmQJuFEkyfyTF6cR+fVeXPef0YLTr6zT/7A+fgG+YaVHw==</latexit>

MPl

ΛPQ

- 			is	a	(possibly	reducible)	rep	of		 	or	its	GUT	extension


- 		is	a	generic	compact	Lie	group	assumed	to	be	weak	at		 


- 				are	left-handed	Weyl	fermions

ri GSM

GW ΛPQ

ψi , χi
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Models	of	composite	axions

Kim	-	PRD	31	(1985)	1733

 1
<latexit sha1_base64="V2ssH59osEt0IIAWecDcLQgiIzI=">AAAB+HicbVC7TsNAEFzzDOEVoKQ5ESFRRTYgQRmJhjJI5CElVnS+bMKR89m6WyMFK/9ACxUdouVvKPgXbJMCEqYazexqZyeIlbTkup/O0vLK6tp6aaO8ubW9s1vZ22/ZKDECmyJSkekE3KKSGpskSWEnNsjDQGE7GF/lfvsBjZWRvqVJjH7IR1oOpeCUSa1ebGXf61eqbs0twBaJNyNVmKHRr3z1BpFIQtQkFLe267kx+Sk3JIXCabmXWIy5GPMRdjOqeYjWT4u0U3acWE4Ri9EwqVgh4u+NlIfWTsIgmww53dl5Lxf/87oJDS/9VOo4IdQiP0RSYXHICiOzGpANpEEinidHJjUT3HAiNJJxITIxyXopZ314898vktZpzTuruTfn1Xp91kwJDuEITsCDC6jDNTSgCQLu4Qme4cV5dF6dN+f9Z3TJme0cwB84H9//25Nz</latexit>

 2
<latexit sha1_base64="nUTSASOOD+dvqe3UqviTSJVw7ps=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIDEpSRaCiDRB5SYkXnyyYcOZ9Pd2ukYOUfaKGiQ7T8DQX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakUNBGgRJ62gALAwndYHqV+d0HMFZE6hZnGvyQTZQYC84wlToDbcWwMazW3Lqbgy4TryA1UqA1rH4NRhGPQ1DIJbO277ka/YQZFFzCvDKILWjGp2wC/ZQqFoL1kzztnJ7ElmFENRgqJM1F+L2RsNDaWRikkyHDO7voZeJ/Xj/G8aWfCKVjBMWzQygk5IcsNyKtAehIGEBkWXKgQlHODEMEIyjjPBXjtJdK2oe3+P0y6TTq3lndvTmvNZtFM2VyRI7JKfHIBWmSa9IibcLJPXkiz+TFeXRenTfn/We05BQ7h+QPnI9vAXmTdA==</latexit>

<latexit sha1_base64="BJfzSy6XvmpMLvza8q6aEZJV+to=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJKrIRAkQViYYySOQhkihaXzbhlPPZulsjRVb4Clqo6BAt/0LBv2CbFJAw1WhmVzs7fqSkJdf9dApLyyura8X10sbm1vZOeXevacPYCGyIUIWm7YNFJTU2SJLCdmQQAl9hyx9fZX7rAY2Vob6lSYS9AEZaDqUASqW7bgB07w8Tb9ovV9yqm4MvEm9GKmyGer/81R2EIg5Qk1BgbcdzI+olYEgKhdNSN7YYgRjDCDsp1RCg7SV54ik/ii1QyCM0XCqei/h7I4HA2kngp5NZQjvvZeJ/Xiem4UUvkTqKCbXIDpFUmB+ywsi0CuQDaZAIsuTIpeYCDBChkRyESMU47aaU9uHNf79ImidV76x6enNaqV3OmimyA3bIjpnHzlmNXbM6azDBNHtiz+zFeXRenTfn/We04Mx29tkfOB/fWQSVWw==</latexit>
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<latexit sha1_base64="r2vVWM2hYxmhD2OmXrq9v96L+8k=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIBCcpINJRBIg8psaLzZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73O/M4DaiPD4I5mEbo+HwdyJAWnVGr3xUQOnEG1ZtftHGyZOAWpQYHmoPrVH4Yi9jEgobgxPceOyE24JikUziv92GDExZSPsZfSgPto3CRPO2cnseEUsgg1k4rlIv7eSLhvzMz30kmf08Qsepn4n9eLaXTlJjKIYsJAZIdIKswPGaFlWgOyodRIxLPkyGTABNecCLVkXIhUjNNeKmkfzuL3y6R9VnfO6/btRa3RKJopwxEcwyk4cAkNuIEmtEDAPTzBM7xYj9ar9Wa9/4yWrGLnEP7A+vgG2h6TWw==</latexit>
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SU(N ) SU(3)c U(1)PQ

- 			is	a	(possibly	reducible)	rep	of		 	or	its	GUT	extension


- 		is	a	generic	compact	Lie	group	assumed	to	be	weak	at		 


- 				are	left-handed	Weyl	fermions

ri GSM

GW ΛPQ

ψi , χi

• SU(N) × GW × GSM

<latexit sha1_base64="3cdcoFifYie0ebnu8PXhSfp3sBo=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIFCiyUQQRVSQKKINEHlJsovNlE045P3S3RoqslHwFLVR0iJYPoeBfsI0LCEw1mtnVzo4XSaHRsj6M0tLyyupaeb2ysbm1XTV3drs6jBWHDg9lqPoe0yBFAB0UKKEfKWC+J6HnTS8yv3cPSoswuMFZBK7PJoEYC84wlYZm1bZum9Q5po7y6SV0h2bNqls56F9iF6RGCrSH5qczCnnsQ4BcMq0HthWhmzCFgkuYV5xYQ8T4lE1gkNKA+aDdJA8+p4exZhjSCBQVkuYi/NxImK/1zPfSSZ/hnV70MvE/bxDjuOkmIohihIBnh1BIyA9prkTaCNCRUIDIsuRARUA5UwwRlKCM81SM04oqaR/24vd/Sfekbp/WG9eNWuu8aKZM9skBOSI2OSMtckXapEM4ickjeSLPxoPxYrwab9+jJaPY2SO/YLx/Ac0IleM=</latexit>

108 GeV

<latexit sha1_base64="X7st88rL8ev7xyReiznPEJ/zgl0=">AAAB/XicbVBNS8NAFNzUr1q/qh69LBbBU0mkqHgqeNCLUKFpC2kpm+1rXbrZhN0XoYTir/CqJ2/i1d/iwf9iEnPQ6pyGmfd488aPpDBo2x9WaWl5ZXWtvF7Z2Nza3qnu7nVMGGsOLg9lqHs+MyCFAhcFSuhFGljgS+j608vM796DNiJUbZxFMAjYRImx4AxTyevrgN4Mkyu3PR9Wa3bdzkH/EqcgNVKgNax+9kchjwNQyCUzxnPsCAcJ0yi4hHmlHxuIGJ+yCXgpVSwAM0jyyHN6FBuGIY1AUyFpLsLPjYQFxswCP50MGN6ZRS8T//O8GMfng0SoKEZQPDuEQkJ+yHAt0i6AjoQGRJYlByoU5UwzRNCCMs5TMU7LqaR9OIvf/yWdk7pzWm/cNmrNi6KZMjkgh+SYOOSMNMk1aRGXcBKSR/JEnq0H68V6td6+R0tWsbNPfsF6/wJy65Vd</latexit>

MGUT

<latexit sha1_base64="hmezSsSaXCrdm5ooJ6Waqg9NejQ=">AAAB/HicbVC7SgNBFJ2NrxhfUUubwSBYhV0JKlYBGxshgnlgsoTZyU0cMjO7zNwVwhK/wlYrO7H1Xyz8F3fjFpp4qsM593LPPUEkhUXX/XQKS8srq2vF9dLG5tb2Tnl3r2XD2HBo8lCGphMwC1JoaKJACZ3IAFOBhHYwvsz89gMYK0J9i5MIfMVGWgwFZ5hKdz2j6HU/achpv1xxq+4MdJF4OamQHI1++as3CHmsQCOXzNqu50boJ8yg4BKmpV5sIWJ8zEbQTalmCqyfzBJP6VFsGYY0AkOFpDMRfm8kTFk7UUE6qRje23kvE//zujEOz/1E6ChG0Dw7hELC7JDlRqRVAB0IA4gsSw5UaMqZYYhgBGWcp2KcdlNK+/Dmv18krZOqd1qt3dQq9Yu8mSI5IIfkmHjkjNTJFWmQJuFEkyfyTF6cR+fVeXPef0YLTr6zT/7A+fgG+YaVHw==</latexit>

MPl

ΛPQ

- simplest	example:

In	this	example:


fermionic	mass	terms


set	to	zero	by	hand
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Selection	rules	on	PQ	violating	operators

• Not	every	PQ	violating	operator	is	dangerous	!


• A	generic	PQ	violating	operator	generates	a	potential	only	if	it	has	

non	vanishing	matrix	element	with	a	state	containing	axions:

<latexit sha1_base64="4Nka6LfVPraFVSS6XFiwwu8xnVY=">AAAB+HicbVA9TwJBEN3DL8Qv1NJmIzGxIneGqCXRxhIT+UjgQuaWAVf29s7dORMk/AdbreyMrf/Gwv/igVco+KqX92Yyb14QK2nJdT+d3NLyyupafr2wsbm1vVPc3WvYKDEC6yJSkWkFYFFJjXWSpLAVG4QwUNgMhpdTv/mAxspI39AoRj+EgZZ9KYBSqdHReM/dbrHklt0Z+CLxMlJiGWrd4lenF4kkRE1CgbVtz43JH4MhKRROCp3EYgxiCANsp1RDiNYfz9JO+FFigSIeo+FS8ZmIvzfGEFo7CoN0MgS6tfPeVPzPayfUP/fHUscJoRbTQyQVzg5ZYWRaA/KeNEgE0+TIpeYCDBChkRyESMUk7aWQ9uHNf79IGidl77Rcua6UqhdZM3l2wA7ZMfPYGauyK1ZjdSbYHXtiz+zFeXRenTfn/Wc052Q7++wPnI9vkiCTNA==</latexit>

6= 0

• The	operator	must	be	an	interpolating	operator	for	the	axion,			

with	vanishing	vectorial	charges.

• It	can	be	a	composite	operator	built	from	the	insertion	of	N	local	operatorsimporta
nt!

polynomial	in
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Models	with	an	abelian	factor

- 


- 			is	a	(possibly	reducible)	rep	of		 	or	its	GUT	extension


- 	and	 		are	integer	charges	for	 	with:


		 									( )

SU(N ) × U(1) × GSM

ri GSM

pi qi U(1)D

pi ≠ − qi i ≠ j

• The	classification	of	PQ	violating	operators	requires	a	knowledge	

of	the	U(1)	charges

chiral	charge	assignment	

SU(N) × U(1) × GSM



• Local	gauge	anomalies	for	 	impose	non-trivial	constraints
U(1)

9

The	anomaly	cancellation	equations

U(1) × [GSM]2

U(1) × [SU(N )]2

[U(1)]3

Dynkin	index	of	SM	rep:Dimension	of	SM	rep:

(zero	hypercharge	for	simplicity)	



• Local	gauge	anomalies	for	 	impose	non-trivial	constraints


• System	of	polynomial	equations	over	the	integers


- cubic	equations:	in	general	it	is	very	hard	to	find	all	the	integer	solutions	


- The	case	of	a	pure	U(1)	gauge	theory	has	been	solved	recently


U(1)

10

The	anomaly	cancellation	equations

U(1) × [GSM]2

U(1) × [SU(N )]2

[U(1)]3

Costa,	Dobrescu,	Fox	’19,				Allanach,	Gripaios,	Tooby-Smith	’19

(zero	hypercharge	for	simplicity)	
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General	solution	for	nf = 2

• For	 		and	chiral	assignments		 	


- the	two	linear	equations	have	to	be	equivalent		(so	 ).


																																					 


																																					 


- combining	the	two	equations	we	obtain	an	homogeneous	quadric	


																																					 


where											 	


- Integers	charges	correspond	to	the	zero	locus	of		 		in		 


nf = 2 pi ≠ − qi

T1d2 = T2d1

(p1 + q1)d1 + (p2 + q2)d2 = 0

(p3
1 + q3

1)d1 + (p3
2 + q3

2)d2 = 0

Q(X, Y, Z) ≡ (d2
2 − d2

1)X2 + 3d2
2Y2 − 3d2

2 Z2 = 0

X = (p1 + q1), Y = (p1 − q1), Z = (p2 + q2)

Q(X, Y, Z) ℙℚ2

Conic	in	


projective	space!
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General	solution	for	nf = 2

• Theorem	1	(see	e.g.	Mordell):


Given	a	rational	point	 	on	a	conic,	there	are	in	fact	infinitely	many	rational	

points	and	they	can	all	be	found	as	the	intersection	of	a	rational	line	through	 	

and	the	conic	itself.


P
P

P

- In	our	case	 	,	and	we	find:P = [0 : 1 : 1]
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General	solution	for	arbitrary	nf

• In	the	general	case	we	cannot	reduce	the	system	to	a	quadric.


• However,	for	our	specific	system	of	equations,	by	using	one	of	the	

linear	equations,	we	can	reduce	the	system	to:	


- a	singular	cubic	hypersurface,	with	a	known	rational	double	point.	


- plus	an	additional	linear	equation.


• Theorem	2	(see	e.g.	Mordell):


Given	a	rational	double	point	 	on	a	cubic	hypersurface,	there	are	infinitely	

many	rational	points	and	they	can	all	be	found	as	the	intersection	of	a	rational	

line	through	 	and	the	cubic	itself.


P

P

-2 -1 0 1 2
-2

-1

0

1

2

P
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General	solution	for	arbitrary	nf

• Setting	 			for	notational	convenience,	we	find


- charges	parametrized	by	a	set	of	arbitrary	integers	subject	to	a	linear	constraint:	


ν = nf

where			 					,				 						,					 		are	polynomials	in	 		Dij = diTj − djTi μν = gcd(p̃1, . . . , q̃ν) AI (ℓi, mi)



• the	knowledge	of	the	 	charges	allows	us	to	identify	the	form


of	gauge	invariant	PQ	violating	local	operators.


- For	 	and	 	the	gauge	invariance	of	PQ	violating	operators	of	the	form:


																																								 		


							is	independent	from	the	charge	assignments	—	depends	only	on	SM	representations


U(1)

ν = 2 ν = 3

𝒪PQ = (ψ1χ1)κ1…(ψν χν)κν
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General	solution	for	arbitrary	nf

Single	insertions	can	be	easily	characterised useful	for	phenomenology
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Some	open	questions

• We	found	all	the	charge	assignments	such	that	local	gauge	anomalies	cancel


- what	about	global	(non-perturbative)	anomalies?


• Are	there	more	efficient	ways	to	classify	charge	assignments	such	that	


operators	with	a	given	property	(e.g.	PQ	violating	operators)


are	forbidden	up	to	a	given	dimension?


• Do	all	the	consistent	charge	assignments	admit	an	embedding	in	string	theory?


